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Abstract. We construct Colcff-Hcrrera products and Bochncr- 
Martinelli type residue currents associated with a tuple / of weakly 
holomorphic functions, and show that these currents satisfy basic 
properties from the (strongly) holomorphic the transforma- 

tion law, the Poincare-Lelong formula and the equivalence of the 
Coleff-Herrera product and the Bochner-Martinelli type residue 
current associated with / when / defines a complete intersection. 



I. Introduction 

The basic example of a residue current, introduced by Coleff and 
Herrera in [12], is a current called the Coleff-Herrera product associated 
with a strongly holomorphic mapping / = (fi,---,f p )- The Coleff- 
Herrera product is defined by 

(1.1) B-j- A ■ • ■ A B—.(p = lim ^ 



fp fi s ^ 0+ Jn{\fi\=ei} fl---fp 

where ip is a test-form and e(S) tends to along a so-called admissible 
path, which means essentially that ei(5) tends to much faster than 
€2(5) and so on, for the precise definition, see [12]. The Coleff-Herrera 
product was defined over an analytic space, however, most of the work 
on residue currents thereafter has focused on the case of holomorphic 
functions on a complex manifold. The theory of residue currents has 
various applications, for example to effective versions of division prob- 
lems etc., see for example [3], [9], [22] and the references therein. 

On an analytic space Z, the most common notion of holomorphic 
functions are the strongly holomorphic functions, that is, functions 
which are locally the restriction of holomorphic functions in any lo- 
cal embedding. In some cases, this can be a little too restrictive, and 
the weakly holomorphic functions might be more natural. These are 
functions defined on Z reg , which are holomorphic on Z reg and locally 
bounded at Z sing . Two reasons why these are natural: weakly holo- 
morphic functions are the integral closure of the strongly holomorphic 
functions in the ring of meromorphic functions, and weakly holomor- 
phic functions correspond to strongly holomorphic functions in any 
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normal modification of Z. A slightly better behaved but more restric- 
tive notion are the c-holomorphic functions, functions which are weakly 
holomorphic and continuous on all of Z. 

In a recent article [13], Denkowski introduced a residue calculus for 
c-holomorphic functions, and showed that this calculus satisfies many 
of the basic properties known from the strongly holomorphic or smooth 
cases. It is then a natural question to ask what happens in the case of 
weakly holomorphic functions. However, as in the c-holomorphic case, 
it is not obvious how to define the associated residue currents. 

In the strongly holomorphic case, there are various ways to define 
the Coleff-Herrera product (for the equivalence of various definitions of 
the Coleff-Herrera product, also in the non complete intersection case, 
see for example [18J). The definition we will use is based on analytic 
continuation as in [21], which was inspired by the ideas in [6] and [7] 
that the principal value current 1/f of a holomorphic function / can 
be defined by (\f\ 2X /f)\x=o- If / = (fi, . . . , f p ) is strongly holomorphic 
on Z, we define the Coleff-Herrera product of / by 

2A D »...»/)!/. 1 2Ai 



dlf^A-'-Adlf, 



h ■ ■ ■ fp 



Ai=0,. 



(where we by |ai=o,...,a p =o mean that we take the analytic continuation in 
Ai to Ai = 0, then in A2 and so on, see SectionHJfor details). Recall that 
a modification of an analytic space Z is a proper surjective holomorphic 
mapping 71 : Y —>■ Z from an analytic space Y such that there exists 
a nowhere dense analytic set E C X with 7r|yw-ifE) : Y \ ti^ 1 (E) — > 
X \ E a biholomorphism. It is easy to see by analytic continuation, 
that if 7r : Y — > Z is a modification of Z, then the Coleff-Herrera 
product of / can be defined as the push-forward of the Coleff-Herrera 
product of /' := n*f. For weakly holomorphic functions, we can use 
this observation to define the Coleff-Herrera product, since the pull- 
back of a weakly holomorphic function to the normalization is strongly 
holomorphic. If / is weakly holomorphic, we define the Coleff-Herrera 
product of / by 

(1.2) yJ := d^— A ■ ■ • A 8^- := 7T* [B^ A • ■ • A B^ 

Jp Ji \ Jp Ji 

where /' = 7T*/. By the observation above, this of course coincides 
with the usual definition in case of strongly holomorphic functions, 
and this definition is also consistent with the one in [13] in the case of 
c-holomorphic functions, see Proposition 14.11 

Because of our definition, the properties we prove of the Coleff- 
Herrera product for weakly holomorphic functions can mostly be re- 
duced (by going back to the normalization) to the strongly holomor- 
phic case. Thus the main part of this article concerns giving a coherent 
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exposition of the basic theory of residue currents in the strongly holo- 
morphic case. This is done based on analytic continuation of currents 
and the notion of pseudomeromorphic currents as introduced in [I], 
which is developed with holomorphic functions on a complex manifold. 
We will see that this approach works well also with strongly holomor- 
phic functions on an analytic space, and we believe that this might be 
of independent interest, although most of the results should be known. 

However, even for the statement of these properties in the weakly 
holomorphic case, two problems occur, namely how is multiplication of 
a weakly holomorphic function with a current defined, and what is the 
zero set of a tuple of weakly holomorphic functions? And hence also, 
what should a complete intersection mean? 

For the problem of multiplication of weakly holomorphic functions 
with currents, we take a similar approach as for the definition of the 
Coleff-Herrera product. Namely, if tt : Y — > Z is a modification, /x is a 
current on Z, g is strongly holomorphic on Z and \i = 7T*//', then 

(1.3) gn = n*('!r*gn'). 

The right hand side of (II. 3p still exist if g is weakly holomorphic on Z 
and Y is normal, so we take this as a definition of g\i. However, that this 
is well-defined depend on the fact that we have a certain "canonical" 
representative of the Coleff-Herrera product in the normalization (or 
any normal modification). We will see in Section [5] that ( 11. 3p depends 
on the choice of representative yJ and can thus not be used to define a 
general multiplication of weakly holomorphic with currents on Z. 

For the zero set of one weakly holomorphic function, all reasonable 
definitions should coincide. For the zero set of a weakly holomorphic 
mapping /, it is natural to take into account that the zero sets of 
the indivudual components of / can "belong" to different irreducible 
components. We introduce in Section [2] a notion of common zero set 
of /, depending on / as a mapping, and not only on the individual 
components, which however may differ from the intersection of the 
respective zero sets. 

The Coleff-Herrera product \J in (11.21) associated with a strongly 
holomorphic mapping f — (fi, ■ ■ ■ , f p ) satisfies 

supp pJ C Zj and dpj = 0. 

In addition, if / forms a complete intersection, the Coleff-Herrera prod- 
uct is alternating in the residue factors and 

(fu---,f P ) Q ami//, 

where (fx, ... , f p ) is the ideal generated by fi,...,f p . We also have 
the transformation law for residue currents (see [H]), which says that 
if / = (fi, . . . , f p ) and g = (gi, . . . , g p ) define a complete intersection, 
and there exists a matrix A of holomorphic functions such that g = Af, 
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then 

(det A)B— A • • ■ A d— = B— A ■ • ■ A B—. 

9 P 9i U Jl 

The Poincare-Lelong formula relates the Coleff-Herrera product of / 
and the integration current [Zf] on Zf (with multiplicities) and it says 
that 

A • • • A By A df x A • • • A df p = [Z f ] . 

We will see that in fact all those statements still hold also in the weakly 
holomorphic case. However, as mentioned above, zero sets of weakly 
holomorphic functions and multiplication of currents with weakly holo- 
morphic functions need to be interpreted in the right way. 

Bochner-Martinelli type residue currents were first introduced in (21] 
by Passare, Tsikh and Yger (on a complex manifold) as an alternative 
way of defining a residue current corresponding to a tuple of holomor- 
phic functions. In [23], Bochner-Martinelli type residue currents were 
used to prove a generalizations of Jacobi's residue formula, and in [10] 
they were also constructed on an analytic space to prove a similar result 
on an affine algebraic variety. 

The Bochner-Martinelli type residue currents give another reason 
why our definition of Coleff-Herrera product is a natural one. In the 
smooth case, it was proved in [21] that if the functions define a com- 
plete intersection, then the Coleff-Herrera product and the Bochner- 
Martinelli current coincide. It is suggested in [TO] that the same state- 
ment holds in the singular case with a similar proof. We will con- 
struct Bochner-Martinelli type residue currents associated with a tuple 
of weakly holomorphic functions, and we will show that this equality 
holds both in the strongly and weakly holomorphic cases. Another ad- 
vantage of the Bochner-Martinelli current in the weakly holomorphic 
case is that it can be defined intrinsically on Z as the analytic contin- 
uation of a arbitrarily smooth (depending on a parameter A) form on 
Z, see Remark HI 

We have the inclusion (fx, ■ ■ ■ , f p ) C ann/z^ if / defines a complete 
intersection, both in the strongly and weakly holomorphic case. This 
is one direction of the duality theorem proven in [33] and [20], which 
says that if / defines a complete intersection on a complex manifold, 
we have locally that (fi, ■ ■ ■ , f p ) = ann/z^. However, one can show 
that depending on certain singularity subvarieties of Z compared to 
the zero set Zf, in many cases the inclusion (fx, . . . , f p ) C ann/r is 
strict, even on a normal analytic space. Thus, one can not expect 
the duality theorem to hold unrestrictedly on an analytic space, either 
in the weakly or strongly holomorphic setting. This is the topic of a 
forthcoming article, and we will not go in to this further in this article. 
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2. Zero sets of weakly holomorphic functions 

The behavior of the currents we define will depend in a crucial way 
on the zero sets of the weakly holomorphic functions, and in this section 
we will define the zero set of a weakly holomorphic mapping. 

Definition 1. Let / G O(Z), where O(Z) denotes the ring of weakly 
holomorphic functions on Z. If / is not identically zero on any irre- 
ducible component of Z, we define the zero set of / by Zf := {z G 
Z | (1/ f) z £ O z }, and if / vanishes identically on the irreducible com- 
ponents Z a of Z, then / does not vanish identically on any irreducible 
component of Z' :— Z\ U a Z a , and we define Zf := U a Z a U Zf\ ,. 

For any meromorphic function 0, there is a standard notion of zero 
set of 0, that we denote by Z'., which is defined by = {z G 
Z | (l/(j)) z ^ O z }. Since weakly holomorphic functions are meromor- 
phic, this gives another definition of zero set if / is a weakly holomor- 
phic function. Clearly Zf C Zi, but note that in general the inclusion 
can be strict, so the two definitions does not coincide. 

Remark 1. We have z G Zf if and only if there exists a sequence 
Zi — > z with Zi G Z TCg such that f(zi) — > (since if we cannot find 
such a sequence, then 1/f is weakly holomorphic); hence when / is 
c-holomorphic, Zf coincides with the zero set when seen as continuous 
function. 

We will use the following characterization of the zero set of a weakly 
holomorphic function. However, since this is a special case of Proposi- 
tion E3l we omit the proof. 

Lemma 2.1. Let ir : Z' — > Z be the normalization of Z . If f G O(Z), 
then Zf is an analytic subset of Z , and Zf = Tr(Z w *f). 

To study the dimension of zero sets of weakly holomorphic functions, 
we will need the following lemma, which shows that subvarieties of the 
normalization correspond to subvarieties of Z of the same dimension, 
and vice versa. 

Lemma 2.2. Let ir : Z' — ► Z be the normalization of Z . If Y' is 
a subvariety of Z' , then tt(Y') is a subvariety of Z with dimY"' = 
dim7r(F / ) ; and if Y is a subvariety of Z , then n~ l (Y) is a subvariety 
of Z' with dimY" = dim7r _1 (y). 

Proof. The first part follows from Remmert's proper mapping theorem, 
when formulated as for example in [To] , since 7r is a finite proper holo- 
morphic mapping. Hence we get from the first part that dim7r~ 1 (y) = 
dim7r(7r _1 (y)) = dimF, where the second equality holds since n is 
surjective. □ 

If / G O(Z) and / ^ on any irreducible component of Z, then 
codimZ/ = 1 or Z f = 0. In fact, if /' = 7i*f and Z f ^ 0, then /' 
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is strongly holomorphic, and Zf = {/' = 0} has codimension 1, and 
since Zf = ir(Zf) by Lemma |2~TI Zf has codimension 1 by Lemma I2~2l 
However, even though the zero set of a weakly holomorphic function 
has codimension 1, as we will see in the next example, the zero set is 
in general not the zero set of one single strongly holomorphic function, 
even for c-holomorphic functions on an irreducible space. 

Example 1. Let V = {zf - z\ = z\ - z\ = 0} C C 4 . Then V 
has normalization ir : C 2 — > V, 7r(t l5 1 2 ) = (t 2 , tf , t 2 ,, and hence 
/ = z 2 /zi — Z4/Z3 is c-holomorphic since Tr*f = t 1 — t 2 . The set Zf = 
{(t 2 , t 3 , t 2 , t 3 )} has codimension 1 in Z, but there does not exist a holo- 
morphic function in a neighborhood of such that f(t 2 , t\ , t 2 , t 2 ) = 
exactly when t\ = t 2 , since in that case, we could write f(t 2 , t 3 , t 2 , t 2 ) = 
(ti — t 2 ) m u(ti,t 2 ) for some m G N, where u(0, 0) 7^ 0, which is easily 
seen to be impossible. Hence, Zf is not the zero set of one single 
strongly holomorphic function. 

Example 2. Let Z = Z x U Z 2 C C 6 , where Z x = C 3 x {0} and Z 2 = 
{0} x C 3 . Define the functions / and g by 



Then f,g e O(Z), and Z f = Z x n {z t = 0}, and Z g = Z 2 n {z 4 = 0} 
which both have codimension 1 in Z. However, Zf H Z g = {0}, which 
has codimension 3. Hence, zero sets of weakly holomorphic functions do 
not behave as well as one could hope with respect to intersections. If we 
let fi — f2 — /) /3 = 9, then Zf x PI Zj 2 PI Zf A = {0} has codimension 3, 
while Zf 1 fl Zj 2 = Zf has codimension 1 at in Z. Hence, if one defines 
a complete intersection for zero sets of weakly holomorphic functions 
/ = (fi, ■ ■ ■ , f p ) by requiring that Zf x fl • • • fl Zf has codimension p 
in Z, then it will not follow in general that (Zf x fl • • • fl Zf h ,z) has 
codimension k for z G Z/ x fl • • • fl Z/ p . 

Remark 2. Note that for c-holomorphic functions / = (f x , ■ ■ ■ ,f p ), 
if /' = ir*f, where 7r : Z' — > Z is the normalization, then it(Zfi fl 
' ' • n = % n • ■ ■ n Z /p . Thus if we say that / = (A, ■ • • , 
where f G O c (Z), forms a complete intersection in Z if Zf x fl ■ • ■ fl Zf p 
has codimension p, then this holds if and only if /' forms a complete 
intersection in Z' by Lemma [2.21 

As we see in Example 121 this does not hold for weakly holomorphic 
functions, because there, Zf fl Z g = {0}, while Zfi fl Z g i = 0. Thus, the 
straight forward generalization of complete intersection, where the zero 
set Zf x fl • • • fl Zf is required to have codimension p does not share the 
same good properties in the weakly holomorphic case as in the strongly 
holomorphic (or c-holomorphic) case. Because of this, we will use a 
different definition of both the common zero set of weakly holomorphic 




z G Zi \ {0} 
z G Z 2 \ {0} 




z G Z x \ {0} 
z G Z 2 \ {0} 
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functions and of a complete intersection. However, it coincides with 
the usual definitions in case of strongly holomorphic or c-holomorphic 
functions, and with our definition the problems above disappear. 

Definition 2. Let / = (fi, ■ ■ ■ , f p ) be weakly holomorphic. We define 
the common zero set of /, denoted by Zf, as the set of z G Z such 
that there exists a sequence Zj G Z reg with Zi — > z, and fk(zi) — > for 
fc = 1, • • • ,p. We will see that Zf is an analytic subset of Z, and hence 
we can say that / forms a complete intersection if Zf has codimension 
p in Z. 

Note that by Remark [T], this definition is consistent with the defini- 
tion of Zf in the case of one function. We also see that in Example [21 
Z(f,g) — 0; an d hence is not a complete intersection in our sense. Just 
as for one function, we can give a characterization of the zero set with 
the help of the normalization. 

Proposition 2.3. Let f = (fi, ■ ■ ■ , f p ) be weakly holomorphic, and let 
f = 7i* f , where ix : Z' — > Z is the normalization. Then 

(2.1) z / = 7r(z /i n---nz / ,), 

and Zf is an analytic subset of Z of codimension < p. In general, 

(2.2) Zfcz h n---nz fp , 

with equality if f is c-holomorphic. In addition, f is a complete inter- 
section if and only if f is a complete intersection in the normalization. 

Proof. If z' G Zf PI • • • H Zft , then we can take a sequence z[ — > z' such 
that z\ G 7r _1 (Z reg ). Then, if we let Z{ = vr(z 4 '), we get that fk{zi) — > 0, 
and hence we have the inclusion Zf D n(Zf^ Pi • - • Pi Zfi) in (12. ip . For 
the other inclusion, if we have a sequence zi — > z such that z G Zf, 
since n is proper we can choose a convergent subsequence z' k . —* z' 
such that 7r(z' k .) = Zk v and since z G Zf, we must have f'(z') = 0, 
so n(z') = z, with z' G Zf^ n • • • D Zf. Now, the fact that Zf is an 
analytic subset of Z follows by ( 12. ip and Remmert's proper mapping 
theorem, since Zfi are analytic subsets of Z' . Since /' is strongly 
holomorphic, Zfi has codimension < p, so by (12. ip combined with 
Lemma 12721 we get that Zf has codimension < p. If / is c-holomorphic, 
the equality in ( 12. 2ft follows by (12. ip since for any continuous mapping 
/, Zf x T\- ■ -r\Zf p = 7r(-Z 7r »y 1 D- ■ -nZTr*^), and the general case also follows 

from d37TD since 7r(z^n- ■ -nz fp ) c 7r(Z//)n- ■ -n7r(z^) = z A n- • -n%. 

Finally, the fact that / is a complete intersection if and only if /' is a 
complete intersection follows from (12.11) together with Lemma 12.21 □ 

We note that if Z^ fl • • • fi Zf has codimension > p, then either 
Zf = 0, or Zf has codimension p since by Proposition 12.31 Zf C Zf x n 
• • -nZ/p, and Z/ has codimension at most p. Thus, if Zf x fl - • -flZ^ has 
codimension > p, and some result depends on the fact that should 



8 



RICHARD LARKANG 



have codimension > p, it will still be true with this other definition 
of complete intersection, and this will be the case for all results about 
residue currents stated here, except for the Poincare-Lelong formula, 
Proposition 18.11 Hence, our definition of complete intersection is not 
essential for the results to hold, however, the other definition will in 
general give weaker statements, since it might very well happen that 
Zf l n ■ • • n Zf p has codimension < p, while Zf has codimension p. 

Note also that, if / = • • • , f p ) is a complete intersection and 
fo — • " • ifk), then (Zf ,z) has codimension k for z G Zf, since 
if z' G n~ 1 (z), then (Zf^z') has codimension k, and hence since 7r is 
a finite proper holomorphic mapping, (Zf ,z) = U z ' 67r -i( z )7r((Zy/, z^)) 
has codimension k in Z. 

3. PSEUDOMEROMORPHIC CURRENTS ON AN ANALYTIC SPACE 

We will in this section introduce pseudomeromorphic currents on an 
analytic space. Pseudomeromorphic currents on a complex manifold 
were introduced by Andersson and Wulcan in [I], and it was observed 
that currents like the Coleff-Herrera product and Bochner-Martinelli 
type residue currents are pseudomeromorphic. Two important proper- 
ties of pseudomeromorphic currents in the smooth case are the direct 
analogues of Proposition 13.11 and Proposition 13.21 Since these hold also 
in the singular case, many properties of residue currents hold also for 
strongly holomorphic functions by more or less the same argument as 
in the smooth case. 

The pseudomeromorphic currents are intrinsic objects of the analytic 
space Z, so we begin with explaining what we mean by a current on an 
analytic space. We will follow the definitions used in [8] and p3]. To 
begin with, we assume that Z is an analytic subvariety of Q, for some 
open set Q C C n . Then, we define the set of smooth forms of bide- 
gree (p, q) in Z by £ p>q (Z) = £ p , q (ft) / 'N p , q ,z(fy , where £ p , q {Q) are the 
smooth (p, g)-forms in Q and M p i9 ,z(^) C £ Pi9 (f2) are the smooth forms 
ip such that i*tp = 0, where i : Z reg — >• Q is the inclusion map. The 
set of test forms on Z, V p ^ q (Z), are the forms in £ Pi9 (Z) with compact 
support. With the usual topology on V Piq (fl) by uniform convergence 
of coefficients of differential forms together with their derivatives on 
compact sets, we give T> Piq (Z) the quotient topology from the projec- 
tion V p q (Q) — > V p ^ q (Z). Then, (p, g)-currents on Z, denoted T^' p ^ are 
the continuous linear functionals on D^_ p ^_ q {Z\ where k = dimZ. 
However, more concretely, this just means that fi is a (p, g)-current on 
Z if and only if is a {n — k + p, n — k + g)-current in the usual sense 
on fl, such that fi vanishes on forms in Afk- p ,k-q,z(^)- 

It is easy to see that the definitions of smooth forms, test forms 
and currents are independent of the embedding, and hence by gluing 
together in the same way one does on a complex manifold, we can define 
the sheafs of smooth forms, test forms and currents on any analytic 
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space Z. Note in particular that by a smooth function on Z, we mean 
a function which is locally the restriction of a smooth function in the 
ambient space. 

In C, one can define the principal value current l/z n — \z\ 2X /z n \x=o 
by analytic continuation, where \\=o denotes that for Re A ^> 0, we 
take the action of \z\ 2X /z n on a test-form and take the value of the 
analytic continuation to A = 0, which is easily seen to exist by a Taylor 
expansion, or integration by parts. Thus, if a is a smooth form on 
C n and {ii-,--- >%i} Q {1, • • • ,n}, with ij disjoint, then one gets a 
well-defined current 

/ \ 1 1—1 - 1 

on C™ by taking d in the current sense together with tensor product 
of currents and multiplication of currents with smooth forms. In [3], 
if a has compact support, a current of the form (13. ip is called an 
elementary current. The class of pseudomeromorphic currents on a 
complex manifold was then introduced as currents that can be written 
as a locally finite sum of push-forwards of elementary currents. We will 
use the same definition on an analytic space Z. 

Definition 3. Let ir a : Z a — > Z be a family of modifications of Z, 
where Z a are complex manifolds. The class of pseudomeromorphic 
currents, denoted VAi(Z) are the currents \x on Z that can be written 
locally finite sum 

fJ> = ^(7Tq)*T Q , 

where elementary currents on Z a . 

Note in particular that, if it : Z — > Z is a resolution of singularities of 
Z, and if \i G VAi(Z), then 7r*/i G VA4(Z). All the currents introduced 
here are pseudomeromorphic, as we will see directly from the proofs 
that the currents exist. In [3], it is shown that if / is holomorphic on a 
complex manifold X, and T G VA4(X), one can define a multiplication 
(1//)T and 3(1/ f) AT. The same idea works equally well for strongly 
holomorphic functions on an analytic space. 

Proposition 3.1. Let f be strongly holomorphic on Z andT G VAi(Z). 
Then the currents 



f ' f 



and d- AT := — A T 

A=0 J J A=0 

where the right hand sides are defined originally for Re A ^> ; have 
current-valued analytic continuations to Re A > — e for some e > 0, 
and the values at A = are pseudomeromorphic. The current satisfies 
the Leibniz rule 

= / 1 _\ .1 _ 1=_ 
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and supp(<9(l//) A T) C Zf fl supp T. Iff^O, then (1 / f)T defined in 
this way coincides with the usual multiplication of T with the smooth 
function 1/ /. 

Proof. If Z is smooth, this is Proposition 2.1 in pE], except for the last 
statement. However, if / ^ 0, then \f(z)\ 2X /f(z) is smooth in both A 
and z, and analytic in A, so if £ is a test form, T.((|/| 2A //)£) is analytic 
in A, and hence the analytic continuation to A = coincides with the 
value T.((l//)£) at A = 0. The proof in the general case goes through 
word for word as in the smooth case in Proposition 2.1 in [I]. □ 

The following property for pseudomeromorphic currents on an an- 
alytic space will turn out to be very useful. The crucial point in the 
proof of the following proposition is that for any analytic subset W C Z 
and any T G VAi(Z), there exist natural restrictions 

l W cT := \h\ 2X T\\ =0 and 1 W T := T — l W cT 

where h is a tuple of holomorphic functions such that W = {h = 0}. 
The restrictions are independent of the choice of such h, and are such 
that supp lwT C W. This is Proposition 2.2 in [I], and the proof will 
go through in exactly the same way when Z is an analytic space. 

Proposition 3.2. Assume that \i G VAi(Z), and that fi has support 
on a variety V . If Iy is the ideal of holomorphic functions vanishing 
on V , then Iyn = 0. If fi is of bidegree (*,p), and V has codimension 
> p + 1 in Z , then fi = 0. 

The proof in the case Z is a complex manifold, Proposition 2.3 and 
Corollary 2.4 in [3], will go through in the same way also when Z is an 
analytic space. The final step in the proof that fi = in the smooth 
case is to prove that fi = on V ieg , which is proved with the help of the 
previous part and by degree reasons, and then by induction over the 
dimension of V, \x = 0. In the singular case, this is done in the same 
way. Since this is a local statement, we can assume that Z C Q C C™, 
and consider V as a subvariety of Q. Then, for the same reasons as in 
the smooth case, we get that z*// = on V mg , and by induction over 
the dimension of V that = 0, and hence \i = 0. 

4. Coleff-Herrera products of weakly holomorphic 

functions 

Let fi, - " , f m £ 0{Z). We want to define the Coleff-Herrera prod- 
uct 

1 1-1 - 1 

T = - — — d— A ■ • ■ A d—. 

Jm Jp+1 Jp Jl 

If / is strongly holomorphic, one way to define it is by 

\fm\ 2Xm ■ ■ ■ \fp+l\ 2Xp+1 d\f p \ 2X P A ■ • • A dlM 2 ^ 

fm'"fp+l fp"'fl Ai=0,...,A m =0 



(4.1) T 
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which a priori is defined only when Re A, 3> 0; however, by Proposi- 
tion 13.11 it has an analytic continuation in Ax to Re Ai > — e for some 
e > 0, and the value at Ai = is pseudomeromorphic. Again, by Propo- 
sition EUl it has an analytic continuation in A2 to A2 = and so on, and 
hence the value at Ai = 0, • • ■ , X m = exists. Note that if it : Y — > Z is 
any modification of Z, we can define the corresponding Coleff-Herrera 
product of /' = ir*f in Y, and then take the push-forward to Z, and 
this will give the same current by analytic continuation. 

Now, if / is weakly holomorphic, let 7r : Z' — > Z be the normalization 
of Z, and /' = ir*f which is strongly holomorphic on Z' . Hence, the 
current 

(4.2) r = -1 ..._LaI A ...A5-i 

J m J p+1 J V •" 1 

exists. 

Definition 4. If / = (j\,..., f m ) is weakly holomorphic, we define the 
Coleff-Herrera product of / by 

(4.3) T = -L ■ ■ ■ -^-d±- A • • ■ A dy = ir*T', 

Jm Jp+l Jp Jl 

where T" is defined by (14.21) . 

If / is strongly holomorphic, this definition will be the same as the 
definition in ( 14.1 ft since by the remark above, T can be defined as the 
push-forward from any modification. In addition, if / is weakly holo- 
morphic, it can be defined by the push-forward of the corresponding 
current in any normal modification, since any normal modification fac- 
tors through the normalization. 

We will call the factors 1/ f the principal value factors, and 8(1/ fi) 
the residue factors. Note that even though here, we let Aj = first 
for the residue factors and then for the principal value factors, it is 
in no way essential, and the definition makes sense also if the residue 
and principal value factors are mixed. However, changing the order 
will in general give a different current, but as we will see, if f define a 
complete intersection, the current will not depend on the order. 

Remark 3. The Coleff-Herrera product for / = (fx, ■ ■ ■ , f p ) strongly 
holomorphic is originally defined in [12] as the limit of integrals over 
n{/j = ej} as e — > 0, where e(8) tends to along an admissible path, 
cf. (jl. ip . When e(S) tends to along an admissible path, this will 
correspond to taking the analytic continuation to A = in the order 
above, and in fact, for arbitrary /, the definition in (11. II) is equal to 
the the one in H4.3I) defined by analytic continuation, see [18] . 

In [13] Denkowski gave a definition of the Coleff-Herrera product of /, 
for / c-holomorphic, and we will see below that his definition coincides 
with ours in that case. The idea in [13] was to consider the graph of 
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/, Tf = {(z,f(z)) G Z x C^\z G Z}, and even though / is only c- 
holomorphic, the graph will be analytic. If (z,w) G Tf, then w = f(z), 
and hence on the graph fa = is a strongly holomorphic function. If 
II is the projection from the graph to Z, since / is continuous, II is a 
homeomorphism and in particular proper. The Coleff-Herrera product 
of / was then defined by 

(4.4) <9-jr A • • ■ A B-^r = II* ( 8— A • ■ ■ A 8— 

Jp h \ w P m 

and since /, = Wi on Tf, this would seem like a reasonable definition 
of the Coleff-Herrera product of /. The next proposition shows, as one 
might hope, that the definition of Denkowski coincides with ours. 

Proposition 4.1. If f — (fi, ■ ■ ■ , f p ) is c-holomorphic, then the defi- 
nition of the Coleff-Herrera product of f in (14.31) and in ( 14.4ft coincide. 

Proof. In [13] the definition used for the Coleff-Herrera product of 
strongly holomorphic functions was the one from [12]. However, by 
Remark [3] we can assume that the definition by analytic continuation 
is used instead. Let tt : Z' — ► Z be the normalization of Z and /' = 71"*/. 
We have projections n : Tf — > Z and n' : Tf — > Z', where TfCZx 
and Tf C Z' x C^, are the graphs of / and /'. Thus we have a com- 
mutative diagram 



(TXld)|r , 

r /' * T f 



(4.5) 



Z' 



n 



We will denote the current 0(1/ f^) A ■ ■ ■ A 0(1/ f[) on Z' by fi f ' , and 
similarly for /i w and [i w> defined on and Tf respectively. Then 
9(1/ f p ) A ■ ■ • A 8(1/ fx) is defined in (TOD by tt*//', and in gSJ) by 
n^yu"". Now, (7r x Id)|p , : Tj/ — >• Tf is a modification of Tf so we 

have /i w = (n x Id)*//™' , and since n' : ry — > Z' is a biholomorphism 
and ^ = f[ on T// we also have // = n*/i u ''. Thus both are the 
push- forward of the same current in Tf, and since the diagram (14.51) 
commutes, both will have the same push-forward to Z. □ 



The next theorems show that the Coleff-Herrera product of weakly 
holomorphic functions has some properties that are well-known for 
strongly holomorphic functions on an analytic space (in the case m = p 
or m = p + 1), see p2], or the case of holomorphic functions on a com- 
plex manifold, see [19|. 
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Theorem 4.2. If f = (/i, • • • , f m ) is weakly holomorphic, then T, 
defined by (14. 3p . satisfies the Leibniz rule 

BT= jr {-l) m ~ ] ^- ■ • • A B-j- A • ■ ■ -^-dy A • • • A By, 

j =p+ l J m Jj JP+ 1 JP ■/! 

and suppT C Z( fu ...j p ). 

Proof. First we assume that / is strongly holomorphic. Then the Leib- 
niz rule follows by analytic continuation, since if Re A 3> 0, we have 

B (jf) J-Vf and 8 (Sf ) = 0, 

and the weakly holomorphic case follows by taking push-forward from 
the normalization. For the last part, let T' be the corresponding cur- 
rent in the normalization, and /' = ir*f be the pull-back of / to the 
normalization. Then by Proposition 13. 1\ T' — outside of Zf., and 
hence suppT C 7r(suppT') C 7r(^(/{,...,/^)) = Z(fi,-,f P )i where the last 
equality follows from Proposition 12.31 □ 

To be able to state the next theorem, we will need to have a definition 
of multiplication of the current T in (14. 3[) with a weakly holomorphic 
function. If g G O(Z), we can define multiplication of the current T 
defined in ( 14.31) with g by 

(4.6) gT = n*(n*gT'), 

where 7r : Z' — >• Z is the normalization of Z, and T' is the corresponding 
Coleff-Herrera product of /' = n*f. This is of course well-defined, but 
we will see later that it seems hard to define a multiplication of a 
weakly holomorphic function with a more general current on Z. If 
all the functions are c-holomorphic, by a similar argument as that in 
Proposition 14.11 one sees that this definition of multiplication with a 
c-holomorphic function will give the same current as the one defined in 

Theorem 4.3. Let f = (fi, • • • , fm) be weakly holomorphic, such that 
• • • > fp) defines a complete intersection, and that . . . , f p , fi) de- 
fines a complete intersection for p + 1 < i < m. Then the principal 
value factors in 

T = -j T—dj- A • • • A B— 

commute with other principal value factors or residue factors, and the 
residue factors anticommute. In addition, ifp+l<k<m, we have 
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and if 1 < j < p, then 

(4.8) fjT = 0. 

Note that in case fi G O(Z), then the left hand sides of (14.71) and 
(Oil are defined by (IQjl . 

Lemma 4.4. Assume that f u f 2 G 0(Z) and t/iat T G VM(Z) zs o/ 
bidegree (*,p). If Zf x fi Z/ 2 flsuppT C V, /or some analytic setV C Z 
o/ codimension > p + 1 m Z, i/iera 

(4.9) }}r = 11t. 

Jl J2 J2 Jl 

// Z/j Pi Z/ 2 fl suppT C V, /or some analytic set V of codimension 
> p + 2 in Z, i/ien 

(4.10) i s i A r = si a ir, 

Jl J2 J2 Jl 

and if in addition Zf 1 fl Zf 2 fl supp dT C V', /or some analytic set V 
of codimension > p + 3, then 

(4.11) 5— A 9— AT = —d— A 9— A T. 

Jl J2 J2 Jl 

Proof Outside of Z/ 1; we have by Proposition 13.1 1 that (1// 1 )(1// 2 )T = 
(l/j^Xl/ji)^, since both are just multiplication of (1// 2 )T with the 
smooth function (l//i), and similarly outside of Zy 2 . Thus (l//i)(l// 2 )T- 
(l/j2)(l//i)T is a pseudomeromorphic current on Z of bidegree 
with support on Z^ fl Z/ 2 fl V, which has codimension > p + 1, so 
(14. 9 p follows by Proposition 13.21 Similarly outside of Z/ 15 we get 
(l// 1 )a(l// 2 )AT = 9(1// 2 )A(1// 1 )T, so (1// 1 )9(1// 2 )AT-9(1// 2 )A 
(l//i)T is a pseudomeromorphic current on Z of bidegree (*,p+l) and 
has support on Zf x fl Zy 2 fl supp T, so (14. lOj) follows by Proposition 13.21 
For (12Til . we get by Theorem OJ and lOnjl that 

d-r A AT = d ( At)+ ]rd^- A dT 

Jl J 2 \Jl J 2 J Jl J 2 

= 8 [5^- a It j + a dT 

\ J2 Jl J Jl J2 

= -d]r A d-j- AT — d-j- A ]rdT + A dT = -8^- Ad^AT 

J2 Jl J2 Jl Jl J2 J2 Jl 

where the last equality holds because of (I4.10p and the assumption of 
the support of dT. □ 

Lemma 4.5. Assume f,g G 0{Z), and f/g G O(Z). If T G VM(Z) 
has bidegree (*,p) and Z g fl suppT C V , for some analytic subset V of 
codimension > p + 1, then 

f fi T \ = —T. 

\9 J 9 
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Proof. Outside of Z g , we can see (1 / g)T as multiplication by the smooth 
function 1/g by Proposition 13. 1[ Hence we have f(l/g)T = (/ / g)T 
since their difference is a pseudomeromorphic current with support on 
Z g n supp T, so it is by Proposition 13.21 □ 

Proof of Theorem \4-3[ First we observe that it is enough to prove the 
theorem in case fa are strongly holomorphic, since if tt : Z' — > Z is the 
normalization of Z, and /' = n*f, then /' is a complete intersection, 
and if the theorem holds in Z', it holds in Z by taking push-forward 
of the corresponding currents. Hence, we can assume that fa £ O(Z), 
and the commutativity properties will then follow from Lemma 14.41 
For example, if we want to see that 1/fa+i and 1/ fa commute, we can 
apply Lemma [4.41 with 

T=- — d— A • • • A d—, 

Ji-l Jp+1 Jp h 

and then multiply with (l// m ) • • • (l// i+2 ) from the left. In case some 
of the residue factors, say fk+i, ■ ■ ■ , f p , are to the left of the principal 
value factors, then Z(f 1} ...,f k ) has codimension k in a neighborhood of 
Zf D supp T and the result follows in the same way from Lemma 14.41 
The other cases follow similarly from Lemma 14.41 

The equality (14.71) follows from Lemma H3] since Zf has codimension 
p. By the first part, we can assume that j = p in (14.81) . Then 

fp ( d^r A • • • A d-f) = 3 (7,1 A 9 J- A ■ ■ ■ A B-j- 

V Jp hj V Jp jp-i h 

s / s 1 R 1 



= a a - • • a d— = o 
V /p-i / i / 

by (g3D, and Theorem E2J □ 

5. Multiplication of currents with weakly holomorphic 

functions 

Now, we will return to the issue of multiplication of currents with 
weakly holomorphic functions. Assume g £ 0(Z\ and 5 £ "P.M(Z). 
Since S £ VA4(Z), we have 5 = XIK)*^) where r a are elementary 
currents on the complex manifolds Z a . Given such a decomposition, 
since any normal modification of Z factors through the normalization, 
we get a current S' in the normalization Z' of Z such that it* S' = S 
by taking the push-forward of r a to Z'. To define multiplication of 
the Coleff-Herrera product with the weakly holomorphic function g in 
(14. 6p . we defined it as the push- forward of ir*gS'. In general, the current 
S' will depend on the decomposition S = J2 n aT a . However, in (14. 6 j) 
we had a canonical representative in the normalization, and hence the 
multiplication was well-defined. The following example however shows 
that it will in general depend not only on S, but also on the functions 
/ defining S. 
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Example 3. Let 7r : C n — > C 2n be defined by 

Then 7r is proper and injective, so 7r(C n ) = Z is an analytic variety of 
dimension n. Since _D7r has full rank outside of {0}, Z sing C {0}, and 
we will see below that actually Z sing = {0}. Let 

S — 8— A • • • A .9— A 

and S" = n*S. Then, since d{t n t 2 ) = ti(2t n dti + tidt n ) and dt^ = 5t^c?t n , 
dz k AS — 0, where k = n + i — 1, for i = 1, . . . , n — 1 and dz 2n A S = 0. 
Hence if >S.£ ^ 0, then £ must be of the form £ = £o^-2i A • • ■ A dz n _i A 
dz 2n -i- We have 

S.£ = S.£ dti A • • • A A 2t n dt n = 

OZm-\ OZ2n 

t=0 




and thus S = 

••A< = 2(2^)^(0) 

so 7r*(t n 5') = n*(iv*gS) 7^ 0, where (7 G C C (Z) is such that 7r*g = t n . 
Note that g is not strongly holomorphic at 0, and hence Z sing = {0}. 

From the above example we see that the definition of multiplication 
in (14. 6 p cannot be defined in terms of g and S only. In particular, if 
h is a tuple of holomorphic functions such that P g = {h = 0}, then in 
general g\h\ 2X S\\=o will not give the same definition of multiplication as 
the one in ( 14.61) . However, there are cases where this definition works 
as the following proposition and its corollary show. 

Proposition 5.1. Let fi G VAi(Z). Let <p G OiZ) and assume that 
h is a tuple of holomorphic functions such that |/i| 2A /i|a=o — ^ an d 
P<f> = {h = 0}, that is, lp /i = 0. Then, the analytic continuation of 
<p\h\ 2X fi to A = exists, and 

0/i := 0|/i| 2 Vl 



|A=0 



is independent of the choice of such h. 



Proof Let /1 = XX 71 ^)* 7 "^ where r a are elementary currents. By a 
resolution of singularities, we can assume that 7r*/i = h h', where h is 
a monomial and \h'\ 7^ 0. We can make a decomposition 

where the first sum consists of elementary currents such that r' a does 
not have any residue factors tj with = 0} C {h = 0}, and the 
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second sum consists of those that do. We can in fact assume that the 
second term is 0, because for Re A 3> 0, vr*|/i| 2A r^' = 0, and hence 

V = I^| 2 V|a=o = ^2M*r' a - 

Thus 

vu=o = £m*(<(</>w 2A k)u=o= Ew*« r «)- 

If g is another tuple of holomorphic functions such that {g = 0} = P^, 
then as above by a resolution of singularities we can assume that both 
g = gog' and h = h h', where go, ho are monomials and \g'\ ^ 0, 
\h'\ 7^ 0. Since {h = 0} = {g = 0}, g and h are divisible by the same 
coordinates ij. Hence as before, we can write p = J2(. n a)* T Li where r' a 
has no residue factors from either g or ho- Then 

□ 

Corollary 5.2. Assume p G VM.{Z) is ofbidegree (*,p) and<p G C^(^) 
zs sitc/i £/tai /ias codimension > p + 1 in Z. Let /i fee any £nj>/e of 
holomorphic functions such that P^ = {h = 0}, and let p! be any 
current in VAi(Z') such that p = 7i*p' , where tt : Z' — > Z is the 
normalization of Z . Then 

4>p := (f)\h\ 2X p\ x =o = -K*{{-K*(j))p!). 

Proof. By Proposition 13.21 we know that p = \h\ 2X p\\=o, since their 
difference must have support on {h = 0} which has codimension > p+1. 
Thus it follows from Proposition 15.11 that 4>\h\ 2X p\x=o is independent of 
the choice of h. In addition, since outside {h = 0} = P^, we have that 
4>\h\ 2X p\\=o is just multiplication of p with the smooth function <fi and 
similarly for 7r*((7r*0)//). Thus it follows as above from Proposition 13.21 
that they are equal. □ 

Note, in particular that if Z sing has codimension > p + 1, the condi- 
tion of the codimension of P g is automatically satisfied for any weakly 
holomorphic function g G O(Z). 

A related question is whether the Coleff-Herrera product could be 
defined as the analytic continuation of an integral on Z rather than Z' . 
We will see later that in the case of a complete intersection, this is in 
fact possible with the help of Bochner-Martinelli type residue currents, 
see Proposition 16.11 and Theorem 16.31 However, it is far from obvi- 
ous that this definition coincides with the Coleff-Herrera current, and 
a more natural way to proceed would be to try to regularize in ( 14. 3 j) 
by factors d\Fi\ 2Xi instead of <9|/i| 2Ai , where Fi is a tuple of strongly 
holomorphic functions such that Zp i = P\if v However, the analytic 
continuation to A = will in general not coincide with our defini- 
tion, even if / defines a complete intersection, as the following example 
shows. 
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Example 4. Let Z = {z G C 3 | zf = z%} = V x C, which has nor- 
malization 7i(s,t) = (s 2 ,s 3 ,t), and let n*fi = s 2 and n*f 2 = (1 + s)t. 
Then Zf = {0}, so / is a complete intersection. Note that 7r*(l// 2 ) = 
(l/t)(l — s + 0(s 2 )) for \s\ < 1, and holomorphic functions in s at the 
origin correspond to strongly holomorphic functions on V at the origin 
precisely when the Taylor expansion at the origin contains no term s. 
Thus P 1/h = n({s = 0} U {s = 1} U {t = 0}), so if {F = 0} D P 1//2 , 
then {F = 0} D Thus (d\F\ 2X /f 2 ) A = for Re A > 0. 

However, we have 

<9— A dy.ipdzx A rf^ = A ^~J-V ? (' s2 ' A dt = 47rzv?(0), 

so 8(1/ fx) A 8(1/ f 2) is non-zero. 

6. Bochner-Martinelli type residue currents 

We will show that we can define a Bochner-Martinelli type residue 
current associated with a tuple of weakly holomorphic functions, either 
by using a similar approach as for the Coleff-Herrera product with the 
help of the normalization, or by defining it intrinsically on Z by means 
of analytic continuation. In view of Example HI it is not clear how to 
do this directly for the Coleff-Herrera product. In addition, we will 
show that for weakly holomorphic functions defining a complete inter- 
section, the Coleff-Herrera product and the Bochner-Martinelli current 
coincide. 

Let / = (fx, . . . , f p ) be weakly holomorphic. We will follow the ap- 
proach by Andersson from PQ, and make the identification / = fi e i > 
where (ei, • ■ • , e p ) is a frame for a trivial vector bundle E over Z. Since 
we will only use the case of trivial vector bundles, this identification 
merely serves as a notational convenience. Then, outside of the set 
where / is not strongly holomorphic, V/ = 5f — 8 induces a complex 
on currents on Z with values in f\ E, where 5f is interior multiplication 
with /. To construct the Bochner-Martinelli current we define 

(6.1) a = ^]]f and M = X> A (^) fc - 

Note that outside of Zf U Pf 1 U • • • U Pf , both u and a are smooth, and 
V/u = l. 

Proposition 6.1. Assume that f = (fx,-- - , fp) is weakly holomor- 
phic on Z . Let F be a strongly holomorphic function, or tuple of 
strongly holomorphic functions, such that {F = 0} D Zf U (U p i=1 PfJ, 
and {F = 0} does not contain any irreducible component of Z . Then 
the forms \F\ 2X u and 8\F\ 2X A u, originally defined for Re A ^> 0, have 
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current-valued analytic continuations to Re A > — e for some e > 0. 
The currents 

(6.2) U f = \F\ 2X u\ x =o and R f = B\F\ 2X A u\ x =o 

are independent of the choice of F, and if n : Y — > Z is a modification 
of Z, then U f = ir m U** f and Rf = ir m R**f. 

Proof. We first assume that Z is smooth. We can take F = f, and 
in that case, this is the existence part of Theorem 1.1 in pQ, except 
for the fact that XJ* = n^U^f and W = 7r*i? 7r * , which however easily 
follows by analytic continuation. To see that the definition of Rf is 
independent of the choice of F, we see from the proof of Theorem 1.1 
in pQ that acting on a test-form ip, then 9|F| 2A A u.tp becomes, with a 
suitable resolution of singularities ir : X — > X, a finite sum of terms of 
the kind 

(6.3) [ BM2 \ a'A^, 

where \i\ and \ii are monomials such that {//j = 0} D {^2 = 0}, 
u is non-zero and a' is smooth. Thus, it is enough to observe that 
the value at A = of (16.31) is independent of \i\ (which is the pull- 
back of F), as long as = 0} D {// 2 = 0}. In the same way, 
one sees that the definition of Iff is independent of the choice of F. 
Now, if / is weakly holomorphic, and tt : Z — ► Z is a resolution of 
singularities, from the smooth case we know that d\%*F\ 2X A tt*u has 
a current-valued analytic continuation to A = independent of the 
choice of ir*F. Hence, the weakly holomorphic case follows by taking 
push-forward, since d\F\ 2X u = 7r*(9|7r*F| 2A 7r*M) for Re A > 0. □ 

The following properties of the Bochner-Martinelli current are well- 
known in the smooth case, see [21] and [T]. 

Proposition 6.2. Let f = (/1, • • • , f p ) be weakly holomorphic, and 
assume that p' = codimZj. The current R* has support on V = Zf, 
and there is a decomposition Rf = J2k=p'^k, where Rk G VA4(Z) 

is a (0,k)-current with values in f\ k E. In addition, if f is strongly 
holomorphic, then R* — 1 — V fU* . 

Proof. In case Z is a complex manifold, this is parts of Theorem 1.1 
in P, except for the fact that Rk G VM.{Z). However, the fact that 
Rk is pseudomeromorphic can, as was noted in [1] , easily be seen from 
the proof of Theorem 1.1 in [lj. The proposition then follows in case of 
an analytic space, by taking push-forward from a resolution of singu- 
larities, except for the fact that Rf = Y7k= P ' -^*> where p' = codimZy, 
since modifications does not in general preserve codimensions of sub- 
varieties. However, we get that Rf = Y7k=o -^ fc > wri ere Rk G VM.{Z) is 
a (0, A;) -current, and Rk has support on Zf. Thus, by Proposition 13.21 
Rk = for k < codim Zf = p'. □ 
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Remark 4. If the mapping / is weakly holomorphic, as we saw in Exam- 
ple El we do not have a well-defined multiplication of weakly holomor- 
phic functions with pseudomeromorphic currents on Z. However, since 
is a principal value current, it is not hard to see that for any tuple 
h of holomorphic functions such that h ^ 0, we have U* = \h\ U*\\ = o 
(this follows as in the proof of Proposition 15.11 since if U* is written as 
a sum of push-forwards of elementary currents, the elementary currents 
has no residue factors). Thus, by Proposition 15.11 we can define Rf by 

R f = l-V f (\F\ 2 W)\ x=0 , 

where F is a tuple of holomorphic functions such that {F = 0} = 
Pf, and hence R* can be defined intrinsically on Z as the analytic 
continuation of a smooth form on Z. 

Theorem 6.3. If f = {fi, ■ ■ ■ , f p ) is weakly holomorphic forming a 
complete intersection and R? = fi Ae, where e — e\ A ■ ■ ■ A e p , then 

fi = fi f :=B— A...A9- . 

fp h 

Proof. To begin with, we will assume that / is strongly holomorphic. 
The proof will follow the same idea as the proof in the smooth case in 
[2], Theorem 3.1. Let 

_ _ 1 1=1 1=1 1 

V = —ex + T d— A ei A e 2 + • • • + -yd- — A • • • A — A e x A ■ ■ ■ A e p . 

Jl J 2 fl fp fp-1 fl 

Then, by Proposition 14.31 V satisfies 

V f V = 1 — B-j- A ■ ■ ■ A d-— A e. 

fp fi 

Following the proof of Theorem 3.1 in [2], locally, assume ZCflC C™, 
uj is an arbitrary neighborhood of Z in Q and x is a smooth function 
with support on u which is = 1 in a neighborhood of Z. Let % : Z — ► Q 
be the inclusion, and let g = i*x — i*(Bx) A u. Then, since V/M = 1 
outside of suppc^x, V/p = 0, and hence 

(6.4) 

V f {g A (U — V)) = g A V f (U -V)= g (fi f - fi) A e = (fi f - fi) A e, 

where go = x is the component of bidegree (0, 0) in g, which is 1 in a 
neighborhood of supp(/i^ — fi). Since ft and frf are currents in VM.(Z) 
of bidegree (0,p), with support on IF = {/ = 0}, /i and fi-f has the 
standard extension property, SEP, (meaning that if h is a holomorphic 
function such that h is not identically on any irreducible component 
of W, then \h\ 2X fi\\=o = fi) since if h does not vanish on any irreducible 
component of W, fi — \h\ 2X fi\\=o has support on W fl {h = 0}, which 
has codimension > p + 1, and by Proposition 13.21 it is 0. Also, fi 
and frf are <9-closed and are annihilated by Iw, see Proposition 13.21 so 
ixfijixfif G CH W (where CH W denotes (9-closed (0, codim W)-currents 
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with support on W satisfying the SEP). By Lemma 3.3 in [2J, we 
know that a <9-closed current in CH\y cannot be equal to Bp, where 
v can be chosen with support arbitrarily close to W, unless it is 0. 
Hence, by looking at the components of top degree in (16.41) . we have 
— ft*) = 0, so fi = fe . Now, if ji are weakly holomorphic, then the 
current R f will be the push- forward of the corresponding current R n *f , 
where ir : Z' — > Z is the normalization of Z, and the same holds for the 
Coleff-Herrera product ft* . Hence, equality holds in the normalization, 
and taking push-forward we get equality in the general case. □ 



7. The transformation law 

With the Bochner-Martinelli type currents developed in the previ- 
ous section, we will now prove the transformation law for Coleff-Herrera 
products of weakly holomorphic functions. The transformation law is 
proven by showing that the corresponding Bochner-Martinelli currents 
coincide, and then we use the equality of the Bochner-Martinelli cur- 
rent and the Coleff-Herrera product. In [13] Denkowski proved the 
transformation law for c-holomorphic functions based on a more direct 
approach. 

Theorem 7.1. Assume that f = (fi,--- , f p ) and g = (51, ■ • • ,g p ) 
are weakly holomorphic, defining complete intersections, and that there 
exists a matrix A of weakly holomorphic functions such that g = Af . 
Then 

3— A • • • A 3— = (det A)B— A • • • A 3—. 
f P h 9 P 9i 

If A is invertible, one can prove the transformation law with the 
help of Theorem 16.31 together with the fact that the Bochner-Martinelli 
current is independent of the metric chosen to define a* (here, in (16.11) , 
a* is defined with respect to the trivial metric on E), see [T]. We 
will see that we can use a similar idea even in the case that A is not 
invertible. 

To begin with, we assume that /, g and A consist of strongly holo- 
morphic functions. As in the previous section, we will identify / and 
g with sections of vector bundles, however we will here identify them 
with sections of two different vector bundles. Let E and E' be trivial 
holomorphic vector bundles over Z with frames e and e', and make the 
identifications f = fie*, g = J2 9i e 'i an d A e Horn (E', E) such that 
9 = fA. 

Lemma 7.2. Let f\A:f\E'^f\E denote the linear extension of the 
mapping (f\A)(v l A- ■ -Av k ) = Av x A- ■ -AAv k . Then5 f (/\A) = (/\A)8 g . 
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Proof. Note first that SfAe'j = gj = S g e'j. Hence, we have 
S f (/\ A)« A • - • A e' ik ) = 5 f (Ae' n A • ■ ■ A Ae[ k ) 
= Y,{-l) j - l Ae> h A ■ ■ • A 5 f (Ae' h ) A ■ • • A A< 

= E(- 1 ) i_1 (A A )K A • • • A A • • • A <) = (A ^« A • • • A elj 

□ 

To relate the currents pJ and /i 9 , we will first derive a relation be- 
tween the currents U* and f/ 9 as defined by (16.21) . 

Lemma 7.3. If f and g are strongly holomorphic and defining complete 
intersections, then there exists a current Ri such that U* — {/\A)U 9 = 
V/fli. 

Proof. Let a, u, a 1 and u' be the forms defined by (16.1 j) corresponding 
to / and g. Since A is holomorphic, (f\A)da' = d(Aa') outside of 
{g = 0}, and hence if we let u' A = ^2(Aa') A (dAa') k ~ 1 , then V } u' A = 1 
outside of {g = 0} by Lemma 17.21 Thus, if Re A ^> 0, 

(7.1) V f {\g\ 2X u' A A u) = \g\ 2X u - \g\ 2X u' A - %| 2A A u' A A it. 

We want to see that all the terms in ( 17. ip have current- valued analytic 
continuations to A = 0. First, we note that since {g = 0} D {/ = 0}, 
|(?| 2A w|a=o = ^ by Proposition ^. 11 and since = (f\A)u' we get that 
|5 , | 2A ^aU=o — (l\A)U g . Thus it remains to see that the left hand side 
of (17. ip has an analytic continuation to A = 0, and that the analytic 
continuation of the last term vanishes at A = 0. To see that those 
terms have analytic continuations to A = is similar to showing the 
existence of the Bochner-Martinelli currents U* and W . If we recall 
briefly the proof of the existence of U* and W in p], the key step 
was that o A (do~) k ~ 1 is homogeneous with respect to / in the sense 
that if / = /of, then a A {da) k ~ l = (l// fc )<7b A (<9<7 ) fc ~\ where a 
is smooth if |/'| 7^ 0. By blowing up along the ideals (fx, ■ ■ ■ , f p ) 
and (gi,---,g p ) followed by a resolution of singularities, see [5], we 
can assume that locally n*f = f Q h and rc*g = gog', where ft / 0, 
g' ^ 0, and by a further resolution of singularities, we can assume that 
locally fa, go are monomials. Since {g = 0} D {/ = 0}, we get that 
{#0 = 0} D {/o = 0}. Thus, by the homogeneity of a' A {da') k ~ l and 
a A (<9cr)' -1 with respect to / and g, we get, since u' A = (/\A)u', that 
\g\ 2X u' A A it and d\g\ 2X A u' A A u acting on a test form (p becomes finite 
sums of the form 

-£kjL A it (p and / , A £ fc ,z A vr 



(^o) fe /o w r y Wfi 

where ^k,i are smooth (0, k + I — 2)-forms. Thus both have analytic 
continuations to A = 0, and R2 : = <9|g| 2A A u' A A m|a=o has support 
on {g = 0}. Since R 2 G VA4(Z) and consists of terms of bidegree 
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(0, k + I — 1), where k + I < p, with support on {g = 0} which has 
codimension p, we get that R 2 = by Proposition 13.21 Thus, if we let 
R ± ■= \g\ 2X u' A A u\ x =o, we get that V f Rx = U f - (/\ A)U 9 . □ 

Now we are ready to prove the transformation law. 

Proof of Theorem \7.1\ Assume first that /, g and A are strongly holo- 
morphic, and make the identifications as above. Since (f\A)R 9 = 
(/\A)(1 - V g U 9 ) = 1 - V f (f\A)U 9 by Lemma we get from 
Lemma 17.31 that 

(/\ A)R 9 -Rf = V f ((/\ A)U 9 - U f> ) = W)Ri = 0, 

so 

(f\A)R 9 = R f . 

Thus, we get by Theorem 16.31 that 

(/\ A) (fx 9 A ei A • ■ ■ A e' p ) = fi f A e 1 A ■ ■ • A e p , 

and since the left hand side is equal to 

(det A)ll 9 A ei A • • • A e p , 

the transformation law follows. Now, if /, g and A are weakly holo- 
morphic, the transformation law follows since equality must hold in 
the normalization because the pullback of / and g define complete in- 
tersections in the normalization, and hence equality must hold also in 
Z by taking push-forward. □ 

8. The Poincare-Lelong formula 

Let fx, ■ ■ ■ , / P be strongly holomorphic functions forming a complete 
intersection. The Poincare-Lelong formula says that 

(8.1) j^-d±- A - • • Ad±- A dfx A • • • A df p = [Z f ] = $>,[^L 

[Z1TI) J p Jx 

where Vi are the irreducible components of Zf and [Zf] is the integra- 
tion current on Zf with multiplicities. In case p = dimZ the multi- 
plicities o.i are given as the number of elements of a generic fiber of 
/ near a given point, and in case p < dimZ the multiplicity is given 
as the intersection multiplicity of Zf with L, where L is a plane of di- 
mension dimZ — p transversal to Zf. For a thorough discussion of the 
multiplicities see [TT], and for a proof of the Poincare-Lelong formula 
see Section 3.6 in [12] . 

Now, if fi are weakly holomorphic functions defining a complete 
intersection, we can give a relatively short proof that a similar formula 
holds in Z. In the strongly holomorphic case, assuming Z C fl C C", 
i*[Zf] can be seen either as the intersection of the holomorphic chains 
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Z F . with Z, where Fi are some holomorphic extensions of fa to fi, or 
as a product of closed positive currents, see [TT] , that is 

u[Z f ] = [Z Fl Z Fp ■ Z] = [Z Fl ] A • • ■ A [Z Fp ] A [Z). 

However, these types of products are in general only defined in case 
Z Fx n • • • fl Z Fp fl Z has codimension equal to codim Z + codim Z Fi . 
Since we saw in Example [1] that zero sets of weakly holomorphic func- 
tions are in general not zero sets of strongly holomorphic functions, we 
cannot expect to have a similar interpretation for weakly holomorphic 
functions. 

Let 7r : Z' — > Z be the normalization of Z . Since /' = n*f forms 
a complete intersection, (18.11) holds for /' in the normalization. Note 
that, since n is the normalization of Z, it is a finite proper holomorphic 
map and 7r(Vi) = Wi are irreducible in Z. If / : V — > W is a branched 
holomorphic cover with exceptional set E, we say that / is a *-covering 
if W \ E is a. connected manifold. In particular, this means that the 
sheet-number of / is constant outside the exceptional set. By the 
Andreotti-Stoll theorem, see [T7], if / : V — > W is a finite proper 
holomorphic map, V has constant dimension and W is irreducible, 
then / is a *-covering. Hence, if V G Z' is an irreducible component 
of Zfi and we consider n\v '■ V — > W, where W = tt(V), it is a 
finite proper holomorphic map satisfying the conditions required for 
the Andreotti-Stoll theorem. Hence, there exists an integer k such 
that ir\v is a /c-sheeted finite branched holomorphic covering. Thus 
7r*a[V] = fca[HA]. For / = (fi, • • ■ , f p ) a weakly holomorphic mapping 
forming a complete intersection, we define the left-hand side of (18. ip 
as the push-forward of the corresponding current in the normalization. 
Thus, since we have by (18.1 p that 

j^r-dy A • • • A By A dh A • • • A df p = TT, [Z r ] , 

we have proved the following. 

Theorem 8.1. Let f = ■ ■ ■ , f p ) be a weakly holomorphic mapping 
forming a complete intersection. Then 

(8.2) T^dy A ■ • • A 5-i A dh A • • ■ A df p = £ ^[ Wi ] 

where ^ 6 N and Wi are the irreducible components of W = Zf. 
More explicitly, if [Zf] = an d say V^, • ■ ■ ,V ik are the sets Vj 

such that 7r(Vj) = W i; then Pi = ^k^a^, where kj is the number of 
elements in a generic fiber of ^y. . 

Remark 5. In [13] Denkowski proves the Poincare-Lelong formula for 
/ = (fi, . . . , f p ) G 0® P (Z) (based on his construction on Tf, however 
as for the Coleff-Herrera product in Proposition 14.11 our definition co- 
incides with his), and in that case it gives a different interpretation of 
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the multiplicities as the intersection cycle 

j^djA-.-Adj-Adf 1 A---Adf p = 7r*([V f ].[Zx{0}]), 

where 7r : Z x C p — > Z is the projection. 

Note that if / is weakly holomorphic, since / is in general not smooth 
on Z s - mg , df is not in general defined on all Z (although its pullback to 
the normalization has a smooth extension to all of Z') so, as for mul- 
tiplication with weakly holomorphic functions in Example [3J it might 
for example happen that 8(1/ f) = while 8(1/ /) A df ^ 0. For ex- 
ample, if Z = {z 3 _ = w 2 }, ix(t) = (t 2 ,t 3 ) and / = w/z G O(Z), that 
is 7i* f = t, then 8(1/ f) = while 8(1/ f) A df = 2tu[0], as expected, 
since Zf = {0}. 
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